SOME REMARKS TO THE FORMAL AND LOCAL THEORY OF
THE GENERALIZED DHOMBRES FUNCTIONAL EQUATION

LUDWIG REICH AND JORG TOMASCHEK

ABSTRACT. We are looking for local analytic respectively formal solutions of
the generalized Dhombres functional equation f(zf(z)) = ¢(f(2)) in the com-
plex domain. First we give two proofs of the existence theorem about solutions
f with f(0) = wo and wg € C*\ E where E denotes the group of complex roots
of 1. Afterwards we represent solutions f by means of infinite products where
we use on the one hand the canonical convergence of complex analysis, on the
other hand we show how solutions converge with respect to the weak topology.
In this section we also study solutions where the initial value zq is different
from zero.

1. INTRODUCTION

We study the generalized Dhombres functional equation

(1.1) fzf(2) = ¢(f(2))

in the complex domain. The function ¢ is known and we are looking for local
analytic or formal solutions f of (1.1). The original Dhombres equation, which was
inaugurated by Jean Dhombres in the real domain, see [2], is given by

faf(z) = f(x)*.

In the complex domain equation (1.1) was introduced by L. Reich, J. Smital and
M. Stefénkova in [3]. They were looking for non constant solutions f of (1.1) with
f(0) = 0. In a subsequent paper, namely in [4], the authors discussed solutions
f with f(0) = wy where wg is a complex number different from zero and also no
complex root of unity. Therefore it is used that if f(0) = wg and f is non constant
a function g with g(z) = cx2* +cp12¥T ... and k € N, ¢, # 0 can be established
such that f(z) = wo + g(z). Substituting this representation of f in (1.1) leads to
the transformed generalized Dhombres functional equation

(1.2) 9(woz + zg(2)) = &(9(2))

where the function ¢ is computed by ¢(y) = wo + @(y — wp) and hence it is given
by @(y) = wfy + day® + ... which can be shown by comparing the coefficients of
(1.2). In [4] Proposition 2 on page 824 is proved. We will denote Proposition 2 by
Theorem 1.1. By I'; we denote the set of all formal series beginning with z.

Theorem 1.1. Let wy be a compler number different from zero and mo root of
unity, and let the function ¢ be given by $(y) = wky* +... for a k € N. Then there
exists a unique function go € I'y such that the set of non constant soutions g of

(1.2) 9(woz + 29(2)) = ¢(9(2))

1991 Mathematics Subject Classification. Primary 30D05, 39B12, 39B32, Secondary 30B10.
Key words and phrases. Complex functional equations.

1



2 LUDWIG REICH AND JORG TOMASCHEK

in C[z] is given by
Ls={glg(z) = Golcrz™), cr € c*}.

Then the set Ly is a subset of C[2*]. Furthermore equation (1.2) has a unique
solution g such that g(z) = cxz® + ..., for every ¢ € C*.

In the following section we want to give two alternative proofs of Theorem 1.1 like
it is suggested in [4]. In the third section we investigate solutions of the generalized
Dhombres functional equation where infinite products are involved. There we also
investigate solutions with initial value zg # 0, that means solutions f of (1.1) where
f(20) = wo and zp # 0.

Before we start, we want to explain our notations, we use the same notations which
are used in [4], and therefore we give the following definition. An introduction to
the ring of formal power series can be found in the book of H. Cartan [1].

Definition 1.2. By

Clz] = {F|F(z) = Bo + 1z + Baz? + .. -}
with 3, € C for v > 0 we denote the set of formal power series. For a series
F € CJz] the order of F is defined by ord F' := min{v € N|3, # 0} and one sets co

for the order of the trivial series. For F,G € C[z] we use F(z) = G(z) (mod 2!) if
ord(F — G) > 1. We have

C[z*] = {F|F € C[2], F(2) = Zﬁyz”,ﬁy =0ifvr#0 (modk)}
v>0
for k € N. A series F' € zC[z*] has the representation F(z) = 12 + Brr12*t! +
Boky122 1 4. .. We also need I' = {F|F € C[z] and ord F = 1}, and (T, 0) is the
group of invertible formal power series with respect to substitution o in C[z]. Then
the set I'y = {F|F €' and F(z) = z (mod 2?)} is a subgroup of (T',0). Finally we
define
CW®[z] = {F|F € C[z] with F(z) = Z c,z” where ¢, =0if v #Z1 (mod k)}
v>0
which leads to T*®) = ' C*)[2] and ng) =T; NCW[z]. The set Ucp,) defined
as Uy = {F|F € C[z] und F(z) =1 (mod z)} is a subgroup of all multiplicative
units in C[z]. By C* we denote the set C\ {0}.

2. ALTERNATIVE PROOFS

Before we start with our first proof of Theorem 1.1 we have to provide the
following theorem which deals with linearizations. For the definition of a Siegel
number we refer the reader to [5].

Theorem 2.1. Let the function ¢ € T', ¢(2) = Az + &22% + ... be given.

(1) If X € C*\E then there exists exactly one solution Sy € T'1 of the lineariza-
tion equation

(2.1) d(S(2)) = S(A2).
(2) If the function ¢ is local analytic in a sufficiently small neighbourhood of
zero and if |\| # 1 or X is a Siegel number, then also Sy is local analytic in

a sufficiently small neighbourhood of zero.
(3) If ¢ € T then for every solution S, we have S, € T,



REMARKS ABOUT THE GENERALIZED DHOMBRES EQUATION 3

The proof of the first and second part of Theorem 2.1 can be found in [5] on the
pages 157 - 174. The third part is proved in [4] on page 823.
Now we want to prove Theorem 1.1 and therefore we use the suggestions which are
provided in Remark 2 in [4].

First proof of Theorem 1.1. The complex number wq is not zero and no root of
unity and hence also the complex number wlg for a natural number £ is no root of
unity. According to Theorem 2.1 we consider the linearization equation

#(S(2)) = S(wp2).
Then there exists a solution Sy of (2.1) such that Sz € I'; and such that
P(85(2)) = Sp(wg2)

holds. In this equation we substitute S;l(z) for z and this substitution leads to
the equivalent expression

P(2) = Sp(ws S5 (2)-
This representation of ¢ is substituted in the transformed generalized Dhombres
functional equation (1.2) g(woz + z29(z)) = @¢(g(2)). Then we get

g(woz + 29(2)) = S5(w§ S5 (9(2)))
which becomes equivalent to
S5 M (g(woz + 2g(2))) = wh S5 (9(2))-
Then we define the function h as h := 55 16 g and hence we obtain
h(woz + 29(2)) = whh(2).
Using the representation g(z) = Sz(h(2)) leads to
h(woz + 2S5(h(2))) = whh(z2).

The function Sg is the uniquely determinded solution of (2.1) such that Sz(z) =
z+.... We define the function A as Sz(z) = A(z) = z + ... and therefore we get
h(woz + 2A(R(2))) = wih(2).

Next we consider a function R with order equal to one such that h(z) = R(z)*

holds. This expression is substituted in the equation above and this leads to
R(woz + 2A(R(2)"))" = wi R(=)".

After taking the k — th root the equation

R(woz + zA(R(2)%)) = ewoR(2)
where € has to be determinded, remains. Let the function R be given by R(z) =
r1z+7922 4. .. with ry # 0, then R(2)F = r¥2F+. .. and zA(R(2)%) = rf2k 14 .
A detailed discussion of the left hand side of this equation results in R(wgz +
2zA(R(2)*)) = rywoz+. . ., while the right hand side has the representation ewq R(z) =
ewgr1z + ... where r; # 0 and wy # 0 and hence € has to be equal one. Altogether
we have

R(woz + 2A(R(2)%)) = woR(2).
Next we substitute R~!(2) for z and so we get

R(woR™(2) + R71(2)A(z%)) = woz.
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Defining the function Q as Q(z) := R™!(z) then we know, because we suppose that
r1 # 0, that Q(2) = q12 + ¢22% + ... and the equation above is equivalent to

(2.2) (wo + A(2")Q(2) = Q(wo>2).

In a next step we show that the set of solutions of (2.2) is given by

{Q(2) [ Q(z) = 11Q°(2), @1 € C*}
where Q° € T'; is the uniquely determinded solution of (2.2) and Q° € T®), A
solution @ of (2.2) is uniquely determinded by Q(z2) = ¢1z (mod 22).
We can represent every possible solution Q(z) with Q(2) = ¢12 (mod 22) by Q(z) =
@1Q°(z) where Q° € T'; and QY is a solution of (2.2). Furthermore Q° can be
written as Q%(z) = 2Q*(z) where Q* € C[z] and Q*(z) = 1 +.... We substitute
this representation of @, namely Q(z) = ¢12Q*(2) in (2.2) and so we get (wo +
A(F))q12Q" (2) = woas 2@ (o), respectively
(2.3) (14 wg P AGR)Q" (2) = Q*(wo2).
We know that Q*(2) = 1+... and also that (1+wy ' A(z*)) = 1+ ... and therefore
it is possible to use the formal logarithm. Let the series F' be defined by F(z) :=
Ln(1 +wy tA(2%)) where ord F(z) > 1 and let the series G be defined by G(z) :=
Ln(Q*(z)) where ord G(z) > 1. After applying the formal logarithm to (2.3) we
obtain the equation F'(z) + G(z) = G(wgz), respectively
(2.4) F(z) = G(woz) — G(2).
It is known that F(z) € C[z*] which follows from the property that A(z%) €
C[z*] and the use of the formal logarithm. Next we use the representation of
F and G as formal power series and therefore we write F((z) = > 07 a,2” and

G(z) = Y02 7wz" where of course the coefficients of F' are known. Substituting
the expressions of F' and G in (2.4) yields

a1z + a2’ + .. a2t 4. :'71w02+72w3z2—&—...’y,,wgz”—i—...
— iz =yt — =2
=mz(wy — 1) + 722 (ws — 1)+ ...

+ 2wy =1)+... .
After comparing the coefficients we obtain a,, = v, (w§ —1) for v > 1. The complex
number wy is no root of unity and hence for v > 1 we get

Yo =y, (wy —1)7"

for the coefficients of G. Therefore the series G is uniquely determinded. Since
F(z) € C[z*] the coefficients v, equal 0 if k does not divide v and hence also

G(z) € C[2*]. Reversing our calculations leads to Q*(z) = exp(G(z)) and as
a consequence of the exponential funtion Q*(z) € C[z*]. Furthermore we get

Q°(2) = 2Q*(2) e CW[] NTy = F§k), and hence
Q(z) = ¢1Q°(z) e T,

therefore the step is proved.

The function R~ is defined as R~' = @ and so also R~!(z) € T'®) respectively
R(z) € T®, From our transformations we know that g has the representation
g(2) = (Sg o R¥)(z) and now we want to compute ¢ in detail. The function R is
an element of T'®) and hence we can represent R as R(z) = r1z + r2k+122k+1 +
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Tak+12°F L 4. Then we get R(2)F = rizF +... and Sz(R(2)F) = r¥zF +.... We
obtain
9(2) = S5(R(2)*) = r}z* +... € C["].

)=r1z(1+3>,5, ry(rfz )¥) for the function R where
Ty =171 ryk_Hrl * for v > 2 we get

R(2)F = rk2* 1+Z’I‘V i 2R
v>2

Using the representatlon R(z

Defining ¢; and ry as ¢, := r’f and ry := ql_1 leads to
g(2) = Sz(R(2)F) = ri2* 1+Z§ 2P *ckzk(lJrZéu(ckzk)”)
v>1 v>1
where the coefficient §, for v > 1 is uniquely determinded. Then we define
do(y) =y(1+ Y _6,y") €Ty C Clyl,
v>1
and so we get
(2.5) 9(2) = o(cxz")
with g(z) = cxz® (mod 2¥*1) for every solution g of (1.2). It is possible to reverse
our calculations and therefore for every ¢, € C* we obtain a solution g(z) of the
transformed generalized Dhombres functional equation (1.2) which is defined by
(2.5). By comparing coefficients and in particular by the special representation of

g in terms of gy in (2.5) we see that for every ¢, € C* there exists exactly one
solution. (]

Now we want to give a second proof of Theorem 1.1. Therefore we compute a go
such that a set of solutions of (1.2) is given by {g|g(z) = go(cx2"),cr, € C*}. Then
we show that these are all solutions. The part of the proof where we show that the
solutions are unique is adopted from [4] Remark 3.

Second proof of Theorem 1.1. In a first step we are looking for a gy € I'y such that
for every ¢ € C* the function g defined as g(z) := go(cx2¥) is a solution of (1.2).
We substitute the representation g(z) := jo(cx2¥) in the transformed generalized
Dhombres functional equation

(1.2) 9(woz + 29(2)) = (9(2))
and hence we get go(cx(zwo + 2do(ckz%))¥) = G(go(ckz")), respectively
go(erz" (wo + Go(cxz*))") = &(go(cxz")).
After defining y := cp2" the equation above becomes equivalent to
Jo(y(wo + Go(y))*) = &(Go(y))-
Substituting g, ! (y) for y leads to
90(G0 (1) (wo +9)*) = §(y)-

Now we introduce a function izo such that 710 =3y 1 and hence after an additional
transformation we have to consider the equation

(wo + y)kilo(y) = ﬁo(@(y»



6 LUDWIG REICH AND JORG TOMASCHEK

Like in the first proof we can according to Theorem 2.1 write S¢(w§S; L(y)) instead
of ¢ where the linearization function is denoted as Sgz. After substituting this
representation of ¢ in the equation above we obtain

(wo +y)*ho(y) = ho(Sp(wi S5 (y))
respectively
(wo + ) ho(S5(S5" (1)) = ho(Se(wi S (1)))-
Then we define a function @) such that @Q := ho o Sz and so we get
(wo +9)" QS5 () = Qw5 S5 (y))-
We substitute Sg(y) for y and hence we get
(2.6) (wo + S5(1)"Q(y) = Qwiy).

To solve (2.6) we use Q(y) = yQ*(y) where Q* € U,y and Q(y) = yQ*(y
y(1 + g2y + ...) as representation of (). This representation is substituted in (
and so we get

) =
2.6)
wg (1 4wy Sp (1) yQ* (y) = wiyQ* (wiy)

which is equivalent to
(2.7) (14w ' S5(9) Q" (y) = Q* (wgy)-

Then we have (14w ' S5(y))* = 1+...and Q*(y) = 1+... and hence we can use the
formal logarithm, we define the functions F and G as F(y) := Ln(14+wy ' Ss(y))* =
kLn(1 + wy 'S;(y)) where we used the properties of the logarithm, respectively
G(y) := Ln(Q*(y)). Therefore (2.6) becomes equivalent to the functional equation

(2.8) F(y) = G(wgy) = G(y)-

The uniquely determinded function Sz has the representation Sz (y) = y + soy® +
s3y> + ..., and computing the function F(y) in detail leads to

F(y) = kLn(1+wg 'S5(y))
kwy >Se(y)? | kwy°Ss(y)?
B 2 * 3

= k;wo_15¢ (y)
B kw0_2y2
2

Therefore also the function G is element of C[y] and, because wy is no root of unity,
we can uniquely determine the coefficients of G from the functional equation (2.8).

Then it follows that Q*(y) € C[y] and hence Q(y) € Fgl) is uniquely determinded.

Therefore the same is true for hg = Q 0S5 ! and finally the function §o is uniquely

= kwy 'y + kwy 'say® + kwy tsay® + ... —...eCly]-

determinded because we used the transformation g, L= hy. Summarizing this,
results in go(y) € C[y], where go(y) = y + ... is uniquely determinded. Hence
Go(crz®) is a solution of (1.2) with jo(cx2”) = c12* (mod 2F+1).

It remains to show that for every ¢, € C* there exists at most one solution g(z) =
crz® (mod zF*1) mit g(2) = Go(cx2®). Let g;(2) = cpzb+.. .—|—cl,1zl*1+clmzl+. cy
for j = 1,2 with I > k be solutions of (1.2) with cl(l) #* 01(2). Both functions, namely
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g1 and go fulfill the transformed generalized Dhombres functional equation (1.2)
g(woz + 29(z)) = ¢(g(2)) and therefore we get

g;(zwo + 295 (2)) = ci(zwo + 29;(2)) + ... + c1—1 (2w + zgj(z))l*1
+ cl(j)(zwo +2g;(2) + ...

for j = 1,2. In every bracket the term zg;(z) appears and hence the first term of
g1(%) — g2(2) which is different from zero is wé(cl(l) - cl(z))zl. The right hand side
of (1.2) is given by

- 1
@(gj(2)) = wigi(2) + ... = whep2” +...+w§cl( bt

and so we have
3(91(2) — @lg2(2)) = wh(el” — )t + ...

Now we compare the coefficients of 2! and we use that cl(l) — cl(z) = 0. This leads to
wf = wh and so wh™® =1 but this is a contradiction because the complex number

wq is no root of unity and hence there exist at most one solution g for ¢, € C*. O

3. INFINITE PRODUCTS

In this section we investigate solutions of the generalized Dhombres functional
equation which are represented as infinite products. From Theorem 1 in [4] on page
828 it is known that if wy # 0 and if the function @ is local analytic in a sufficiently
small neighbourhood of zero, then also the function gy and hence the function f
are local analytic in a sufficiently small neighbourhood of zero, respectively wy. We
will use this in the proof of the following theorem.

Theorem 3.1. Let the function ¢ be given by ¢(y) = wky + ... and let ¢ be local
analytic in |y| < r with r > 0, and let the complex number wo fulfill 0 < |wo| < 1.
Then the function gy has the representation

[e'e) [_1]

oo (14w '3 (3)"
where =11 denotes the inverse with respect to substitution.
Proof. We iterate the equation
(2.8) F(2) +G(2) = Gwf2)

which we obtained in the proof of the previous theorem. Firstly we assume that
(2.8) has a solution G which is analytic in |y| < r. In a first step we substitute wkz
for z and therefore we get

F(wlz) + F(2) + G(2) = G(wEFz).

It is easy to show that by induction we get

S Fluwty) + Gly) = Glughy)
v=0
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We know from the previous proof that G(y) is local analyic in |y| < r because ¢(y)
is local analytic in a sufficiently small neighbourhood of zero and G(0) = 0. Well
known elementary estimates show that

: nk _
Jim [G(wg™y)[ =0

in every compact subset of |y| < r, this convergence is uniform, and hence we obtain

(3.1) ZF (wiky).

Now we show that (3.1) gives indeed a local analytic solution of (2.8). Using
the definition of F' and similar estimates as above we see that the series on the
right hand side — Y07 F(w§*y) of (3.1) is uniformly convergent in every compact
subset of |y| < r and also absolutely convergent. Hence, by Weierstrass’ theorem G
is analytic in |y| < r, and it is easy to check that it is a solution of (2.8). Previously
we used Q*(y) = exp(G(y)) and hence we obtain
- 1
“(y) = exp(G(y)) = ex F (wg

and therefore

_yH 1"‘wo a( y))

This expression is absolutely and unlformly convergent in every compact sub-
set of |y| < r which follows from a more detailed discussion of Y 7  kLn(l +
wqy 1S¢(w6’ky)). We can use the series representation of the formal loagrithm and
so it is possible to represent the term kLn(1 + wy ' Sz(wsFy)) as

kLn(1 4wy ' Sp(wgry)) = witiy + wi tay® + wi  tsy® + .
where the t; with j > 1 are formed by wg and by coefficients of Sz. So the statement

follows because of the term w)’*, | > 1. In the previous proof we used QOSSg L= h

and therefore we obtain
o

1
h — -1 —g71
o(y) = Q(S;' () = 55 (v) U T o a5 W)

where this expression is absolutely and uniformly convergent in every compact
subset of |y| < r which we want to prove now. The product is convergent, therefore
let » > 0 and @(y) local analytic in |y| < 7. Then according to Theorem 2.1 the
function S is local analyic in a sufficiently small neighbourhood of zero and hence
also S; !'is. Therefore we obtain the absolute and uniform convergence. Next we
have to show that there exist a 7 > 0 such that ¢” is defined for a v > 1 and
such that ¢" is local analyt1c in |y| < 7. Furthermore the function $"(y) has to
fulfill ¢¥(y) = Sp(wg kS Y(y)) in |y| < 7. Then as a consequence of hg = gy ' the
assertion

o0 (—1]
1
do(y) = |55 (y :
( 5 ( )Vll[o o)
where the convergence of the right hand side is absolute and uniform in a suffi-
ciently small neighbourhood of zero, follows. Let @(y) be local analytic in |y| <,
then every iterate ¢”(y), v € N starts with the term wj*y. Hence with the same
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arguments we used before we get that every iterate ¢ (y), v € N, is local analytic in
ly| < 7. It remains to show that ¢¥(y) = S¢(w6k551(y)) is valid. Using induction
we know that for ¥ = 1 the assertion is exactly the assertion of Theorem 2.1. Then
we obtain

P (y) = " ((y) = Sp(wi™S; 1 (8(y))) = Sp (w5 S5 (S5 (wi S5 (1))

= Sp(wiwh S5 (y)) = S(wl S5 (y))

and hence the theorem is proved. (Il

After this representation of the solution as infinite product in the sense of com-
plex analysis we want to present another representation where we use the weak
topology in the ring of formal series. We emphasize that these product represen-
tations are valid for formal solutions, and also the given ¢ is understood as formal
series. For an introduction to the weak topology we refer the reader to [6] chap-
ter 22. Before we formulate the theorem we will proof a lemma. By w — lim
we denote the limit according to the weak topology. We only recall the following

fact. Let (Fn(y))n>1 be a sequence of formal series, F,(y) = >..7, My and

F(y) =02 s cuy”, then w — lim,, o0 F™ = F if and only if lim, M = ¢y, for
all v > 0.

Lemma 3.2. Let (F,,)n>1 and (Gp)n>1 be sequences in Cly] such that ord F,, > 1
and ord G, = 0 for all n € N and such that w — lim,_, F,, = F as well as
w — lim, o G, = G ezist such that ord G > 0. The function G,! denotes the
inverse of G, with respect to multiplication. Furthermore let ®,, € Cly] and let
w — limy,,—y o0 ®,, = ® exist. Then

(1) w—=limy 00 @0 (Fu(y)) = ©(F(y)) = P(w — limp 0 Fu(y)),
(2) w—lim, 0 G (y) = G

Proof. (1) The series ®,, and F, are given as @, (w) = o + o™ w + o w? + ...

and F,(y) = an)y + cé")y2 +.... Then we obtain
l -1
et = () 4 i)

1
= (cﬁ")) Yy + ...+ Ry, (cgn), .. .,cf:i)lﬂ) yr
where R, ,,, for ;1 > 2 is a polynomial. The expression

O, (Fu(v) = o5 + o Fuly) + o5 Fu(y)? + ...

A [ ()

>1 u>l
= ‘P(()n) + Z Z Sﬁl(n)Rl,/t (an)’ T C;(»n—)lﬂ) y"
p=1 \I<p

follows and hence we get

nl;néo Z Spl(n)Rl,,u (an)v cee 7C/(Ln_)l+1> = Z QOZRZ,;L (Cly S 7C}L7l+1) .

I<u I<u
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This means that the limit w — lim,,_, P, (F,(y)) exists and that
w— lim ,(F,(y)) = 9(F(y))

is true.
(2) We represent G,, and G:ll as Gp(y) = d(") + d(") . where d(()") # 0 and
G, y) = h(") + h(n)y + .... The relation G, (y)G,,*(y) = 1 is fulfilled and hence

d(")h(") 1 which is the same as

1

hyY = ——.
0 dgn)

The limit of d(()n) for n tending to oo exists and is equal to dy # 0 therefore also hg
exists and we obtain

1 1
ho = lim h{" = - .

For 5 > 1 we have

n 1 n n n n
WY = Py, S e,

J dé’n) J 2 151
where P; denotes a polynomial. Therefore h; exists and has the form
hj = dion(cl, oGy hoy o hyon).
Finally
w— lim G (y) =G7H(y)
follows. 0

Now we want to prove a theorem concerning a product representation in the weak
topology. Note that in the following theorem it is not required that the function ¢
is local analytic.

Theorem 3.3. Let 0 < |wp| < 1, then go has a representation of the form

) 1 -1

dow) =[S ) ] —
v=0 (1 + Wy (py(y))

where =1 denotes the inverse with respect to substitution and
it 1

=w — lim

Proof. To prove this theorem we iterate the equation

(2.7) (1+wy ' Se(y)* Q" (y) = Q" (wgy).

This equation we obtained in the second proof of Theorem 1.1. Remember that S
is according to Theorem 2.1 the unique solution of the linearization equation and
the function Q*(y) is constructed such that Q*(y) = 1 + g1y + G2y> + . ... In a first
iteration step we substitute w§y for y and so we get

(1 +wg " S (wiy))" (1 +wg ' Sp(1))"Q* (y) = Q" (wi*y).
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Inductively we obtain

n—1

TTC+we ' Sp(wiFy)*Q* () = Q* (wi*y).

v=0
Next we want to show that Q*(wi*y) converges to 1 in the weak topology, if n
tends to infinity. Using the representation of Q* leads to

Q" (wi*y) = 1+ wi*qiy + wi™Goy® + .
Then for v > 1 we obtain

hm qV mLk — 07

n—oo
and with the notation w — lim for the limit with respect to the weak topology we
get
w— lim Q*(wyi*y) = 1.
n—oo
Therefore the product [[5%, (1 + wy ' Sz (wgFy))* exists in the weak topology and

) B 1
o= 130 (1+ 1wy 1S (wFy)F

oo

Hence the solution Q*(y) of the functional equation

(2.7) (1+wy ' S5(9) Q" (y) = Q" (wpy)
is uniquely given by this product, provided a solution of (2.7) exists.

In a next step we want to show that the product

o0

[T+ w5 Se(wgFy)*
v=0
converges with respect to the weak topology and hence that

= 1

@0 = s

is a solution of the functional equation (2.7). According to Lemma 3.2 it is sufficient
to prove that 50 Ln(1 4wy 'Sz (wh*y))* exists in the weak topology. We discuss
kLn(1+wq Sz (whky)) and so, if we use the series representation of the logarithm,
we obtain

kLn(1 + wy Sz (wgky))

i l 1 (wg S~(’w5ky))l
—

Computing this expression leads to
2
ELn(1+ w5 8 (wf ) = wh (kg )y + wf ™ (+hsug = k20 )y?
w=2 3

+ wiF (+kszwy ! —214:527—1—14; Yo R

Now we consider the representation Y _._, >, (wg*)!py’, where the first summa-
tion comes from the infinite product and the second is introduced by the logarithm.
Then the equation

3
8

S5 (o = 3 (i(ws’f)lpl) Y

v=01[=1 =1 \v=0
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—2
holds. The p;’s are given by p; = kwal,pg = lcszwal — kw%,pg = ks;g,wal -

—2 -3 —1
2k52wg + k%,...,pl = kslwo_l -t kw% for [ > 1 and hence we have
k _ k
Wik = ks (i)t =+ Sk = ks (w( TR — L Sk

l l

Now we obtain

n

: v . - o\ vV k . v
Jim S (wp) = s Y (g = T D)
v=0 v=0

v=0
where the expressions on the right hand side of the equation are by the assumption
|wo| < 1 convergent geometric series, and hence the product

oo

1
,,130 (1 4wy ' Sp(whky))k

) 1 .
v=0 (Twy 'Sy (wgFyr > &
solution of the functional equation (2.7). Finally we reverse the transformations

which we did, namely Q(y) = yQ*(y) and g, ' (y) = Q(S;l(y)) and note that also

the v — th iterate of ¢ is again S¢(w6’kS;1(y)). Hence for gg we get
00 1 (—1]
) =[S TI R—
v=0 (1 + wo_ltpu(y))
where the product on the right hand side is convergent with respect to the weak
topology. O

exists with respect to the weak topology and Q*(y) =[]

Remark 3.4. The solutions f of the generalized Dhombres functional equation

(1.1) fzf(2) = ¢(f(2))
where f(0) = wp and 0 < |wy| < 1 are given by
) oo ] (—1]
zZ)=w -
f(z) = wo+ |55 (v) I:[O w0
where we also have to take into account the different assumptions which we used
in Theorem 3.1 respectively in Theorem 3.3.

So we constructed the solutions f of the generalized Dhombres functional equa-
tion where f(0) = wp and |wg| < 1. Above all the weak topology is not often used
and so we can ask whether there is another possibility to apply this topology in
product representations for solutions f where f(z9) = wo and 2o # 07
For these considerations let us start with some transformations. We consider the
generalized Dhombres functional equation

(1.1) f(zf(2)) = o(f(2))

and we are looking for solutions f of (1.1) with f(z9) = wp. Then the function f
can be represented as f(z) = wp + §(z) where the function g fulfills g(z9) = 0 and
3(2) = §lzo+¢) =: g(¢) with g(¢) = cx¢¥ +..., k> 1 and ( is defined as ¢ = z — z.
Constant solutions are not of importance for us and therefore there exists a natural
number k such that ¢, # 0. The function ¢ can be written as p(w) = p(wg) + P(w)
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with w = w — wo and @(wg) = 0 and @(y) = dyy + day® + . ... These presentments
are substituted in (1.1) and hence after some transformations we obtain

(3.2) 9((zowo — 20) + 209(C) + Cwo + ¢g(C)) = P(9(C))-

This equation can be treated by our formal power series methods if zgwg — zg = 0.
We will investigate the case where wy = 1 and zg # 0. That means we are looking
for solutions f of (1.1) with f(z9) = 1 and 29 # 0. So, after using zpwg — 20 = 0
equation (3.2) is the same as

(3-3) 9(209(C) + Cwo + ¢9(¢)) = #(9(C))

and furthermore with T(¢)* = g(¢) respectively p(2)F = @(2*) and T-! = U we
obtain

206" + (wo + CYU(Q) = U(&(C))-
The situation where zg # 0 and wg = 1 leads to
(3.4) 20¢* + (L+ MU = U(B(Q))-
Comparing coefficients of equation (3.4) indicates that the natural number k has
to be one or else we will not get a solution. Therefore we can consider

(3.5) 20¢+ (1+QUC) = U(#(<))

where ¢(¢) = ¢(¢) and for further calculations we will assume that $(¢) = d1{+. ..
where the coefficient d; is different from zero. We need the following transformation
which we fomulate as remark

Remark 3.5. Using the transformation U(¢) = V(¢) — 2o in (3.5) leads to the linear
functional equation

(3.6) 1+ V() = V(2(C)
where V(¢) = 2V (¢).
Proof. Substituting V (¢) — 2o for U(¢) in (3.5) leads to
20C +V(Q) + CV(Q) = 20— o = V(B(C) — 20

and this is the same as

L+ QV(Q) = V(&(Q)-
Writing V (¢) = 20V (¢) where V(¢) = 1+ ... results in

1+ OV(Q) = V(e(Q))-

We get the following theorem.

Theorem 3.6. Let p(¢) = di1(+ ... be local analytic in a sufficiently small neigh-
bourhood of zero and 0 < |d1| < 1. Then the function g represented as

-1
1 [-1]

90 = |» s @zs, 0

— 20

where [=1 denotes the inverse with respect to substitution is a local analytic solution
of the functional equation

(3.3) 9(209(¢) + Cwo + Cg(Q)) = H(9(C))-
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Sketch of the proof. The absolute value of the first coefficient dy of the local analytic
function ¢ is smaller than one and hence according to Theorem 2.1 there exists a
local analytic function Sg such that ¢(¢) = S¢(dngl(C)). We substitute this
representation of ¢ in the linear functional equation

(3.6) (1+QV(Q) =V(a(0)
and so we obtain
(14 QV(¢) = V(Sp(drS; 1 ()))-

Next we substitute S;(¢) for ¢ and by W we denote the function V o S;. Hence
we get

(1+ S5(O)W () = W(diC)
where W (¢) = 1+.... We define the functions F' and G by F(() := Ln(1+ 55(())
and G(¢) := LnW (). Then the equivalent equation
F(¢) + G(¢) = G(di()

remains. An iteration process which is done by induction leads to

==Y F(d0)
v=0

where the absolute and uniform convergence follows, like in the proof of Theorem
3.1, from the fact that 0 < |d1| < 1. So we can reverse our transformations and
then we obtain

o0

1 1
W©) =erc© =11 Zras = U g @y

and because of V({) = W(Sgl(C)) and V = 2V we get

o0

~ ad 1
V(¢) = 2 l]o 1+ Sa(dS51(0)

For U we get

o0

H (d”S o)

— 20

and hence
1 [-1]

(C): Z = — Z
g °E)1+s¢<dys¢ <

O

In the next theorem we consider the situation of the convergence of the product
with respect to the weak topology. Note that ¢ is not necessarily convergent.

Theorem 3.7. Let ¢(¢) = di( + ... such that 0 < |di| < 1. Then the series g
represented as

(—1]

_ ZOH( “ %

1+ 55(d s¢1<<>>)
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where 71 denotes the inverse with respect to substitution is a solution of the func-
tional equation

(3-3) 9(209(C) + Cwo + Cg(¢)) = ¢(9(C))-

where the infinite product is understood in the weak topology,

ﬁ L =w — lim ﬁ L .

o (14850557 @)) "0 (14 85(d851(0)))
Sketch of the proof. Like in the previous proof we can transform the equation
(3.6) L+ QV(C) = V()

to (14 Ss(¢))W(() = W(di() where W is defined as W(() := V(Sz(¢)). An
iteration process leads to

n—1

[T+ Sa@0))w(¢) = W(dpQ).

v=0
Then we have W(d2¢) = 1 + Ad¢ + Aod? ¢ + ... and so the function W (d7¢)
converges to one in the weak topology and we obtain necessarily

>0 1
V() = 20 DI;IO 1+ S5(dSs-1(C))

if (3.6) has a solution. In order to show that there is indeed a solution, we can
again consider the logarithmic series Y -, Ln(1 + Sﬂdi’bgl(())) and so we get

Ln(1+ Sp(d{S5(Q))) = 81d{¢ + 82d7"¢* + 83d3 (P + . .

where we unite the coefficients of the logarithmic series and of S respectively S 5 !
under the coefficients §,, v > 1. We consider Y ;= § (ZZ:O d{l) ¢! and so we get

lim Y ()" =) (dh)”
v=0 v=0

and this geometric series converges since |d!| < 1. Hence the product converges
with respect to the weak topology. Again we obtain

(—1]

- 1
0= | -
“0=1=11 (1+ 50025577 ©))

but now this is convergent in the weak topology. [

Remark 3.8. With respect to the different assumptions of Theorem 3.6 and Theorem
3.7 we obtain local analytic solutions f or solutions f which are convergent with
respect to the weak topology of the generalized Dhombres functional equation with
the representation

1
f(z) =wo+ |20 1,1;[0 (1+S5(d7S5(€))) B ZO‘|

where ( = z — zg and zg # 0.
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