FORMAL SOLUTIONS OF THE GENERALIZED DHOMBRES
FUNCTIONAL EQUATION WITH VALUE ONE AT ZERO

JORG TOMASCHEK AND LUDWIG REICH

ABSTRACT. We study formal solutions f of the generalized Dhombres func-
tional equation f(zf(z)) = ¢(f(z)). In contrary to the situation where f(0) =
wo and wo € C\ E where E denotes the complex roots of 1, which were already
discussed, we investigate solutions f where f(0) = 1. To obtain solutions in
this case we use new methods which differ from the already existing ones.

1. INTRODUCTION

We study the generalized Dhombres functional equation

(1.1) f(zf(2)) = o(f(2))

in the complex domain. The function ¢ is known and we are looking for local
analytic or formal solutions f of (1.1). The original Dhombres functional equation
in the real domain is given by

F(2f(2) = f(2)*.

This equation was first discussed by Jean Dhombres, see [2]. In the complex domain
equation (1.1) was introduced by L. Reich, J. Smital and M. Stefinkova in [4]. In [4]
they were looking for solutions f of (1.1) with f(0) = 0 and in the subsequent paper
[5] the authors discussed solutions f with f(0) = wg where wy is a complex number
different from zero and also no complex root of unity. If f(0) = 1 or more generally
f(0) = wp and wg # 0 but f not constant, we can write f(z) = wg + g(z) where
9(2) = cpzF +ep12¥tt + .. and k € N, ¢, # 0. Substituting this representation
of fin (1.1) leads to the transformed generalized Dhombres functional equation

(1.2) glwoz + 29(2)) = ¢(g(2))

where the function ¢ is computed by ¢(y) = wo + @(y — wp) and hence it is given
by @(y) = wfy + day? + ... which can be shown by comparing the coefficients of
(1.2).

Let us introduce some notations we will use, an introduction to formal power series
can be found in the book [1] of H. Cartan.

Definition 1.1. By
Cle] = {F|F(z) =ao+ a1z + a2z +..., a, €C, v >0}
we denote the set of formal power series. For a series F' € C[z] the order of F is

defined by ord F' := min{v € N|a, # 0} and one sets co for the order of the trivial
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series. We have
C[z*] = {F|F € C[z], F(z) = Zal,z”,a,j =0ifvr#0 (modk)}
v>0
for k € N. A series F' € 2C[2*] has the representation F(z) = a1z + apr12*! +
agp1122F1 4+ ... We also need

I'={F|F € C[z] and ord F =1}

and (I, o) is the group of invertible formal power series with respect to substitution
o in C[z]. Then the set

I'' ={F|F €T and F(z) =z (mod 2°)}
is a subgroup of (I',0). Finally we define

C®[] = {F|F e Clz], F(z) = Zcuz” where ¢, =0if v £1 (mod k)}
v>0

which leads to I'®*) = TNC®)[z] and ng) =T'1NCP 2], we will also use C*)[z] =
2C[2*]. We set C* := C \ {0}.

With this definition we can formulate the theorem which we want to prove. From
now on we are mainly interested in formal solutions f of (1.1) with f(0) = 1, or
equivalently, with formal solutions g of (1.2) which are not 0. Concerning local
analytic solutions we can only present one example at the end of the paper. It is
an open question whether the methods for constructing local analytic solutions of
certain non linear functional equations presented in [7] and [8] can be also used for
the convergence problems related to generalized Dhombres functional equations. It
should be mentioned that the results presented in Theorem 1.2 were partially used
already in [6] (Lemma 4), which is devoted to non constant polynomial solutions
of (1.1). However, in [6] Lemma 4, the existence of a non constant solution is
supposed, whereas our Theorem 1.2 gives a necessary and sufficient condition
on ¢ for the existence of non constant formal solutions of (1.1) with f(0) = 1,
namely that

y)=y+ky*+..., kEN,
holds. If ¢ has this form, then in the proof of Theorem 1.2 formal solutions f with
f(0) = 1 are constructed. We mention here, without proof, that in general the
necessary and sufficient conditions on ¢ for the existence of formal solutions f of
(1.1) with f(0) € E are much more complicate. Hence the authors believe that the
case f(0) = 1 deserves a seperate treatment. Our proof of Theorem 1.2 is in several
places different from the rather sketching one of Lemma 4 in [6].

Theorem 1.2. Let wo = 1 and let the formal series ¢ be given by @(y) = y+ky* +
... for a k € N. Then there exists a unique formal series go € I'1 such that the
set of mon constant soutions g of the transformed generalized Dhombres functional
equation

(1.2) 9(z +29(2)) = p(9(2))

in C[z] is given by
Ly ={9l9(2) = go(ckz"),cx € C*}.

The set Ly is a subset of C[2*] and for every ¢, € C* equation (1.2) has a unique
solution g where g(z) = 12" + .. ..
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Conversely, if (1.2) with $(y) =y +day* + ... has a non constant solution g, then
do = k.

Remark 1.3. In the situation where wy = 1 for every ¢, € C* the generalized
Dhombres functional equation (1.1) f(zf(2)) = ¢(f(z)) has a non constant solution
f(z) = 1+ go(exz")

where the formal series gy is computed in accordance to Theorem 1.2.

Theorem 1.2 is the analogue to Proposition 2 in [5], which we will denote by
Proposition 1.4 and which is given by

Proposition 1.4. Let wg be a complex number different from zero and mo root
of unity, and let the formal series ¢ be given by ¢(y) = wky* + ... for a k € N.
Then there exists a unique formal series go € I'y such that the set of non constant
soutions g of

(1.2) 9(woz + zg(2)) = &(9(2))

in C[[z] is given by
Ly =19l9(2) = go(ckz"),cx € C*}.

Then the set L is a subset of C[2*]. Furthermore equation (1.2) has a unique
solution g such that g(z) = c12* + ..., for every c; € C*.

In the case where wg = 1 it is not possible to use the methods which are developed
in [5] to prove Proposition 2 because for wy = 1 there does not exist a Schréder
function Sz such that we can write ¢(Sz(z)) = Sz(z). But with the approach
we use in the proof of Theorem 1.2 we will see that it is also possible to prove
Proposition 1.4.

2. SOLUTIONS f OF THE GENERALIZED DHOMBRES FUNCTIONAL EQUATION
WHERE f(0) =1

In this section we prove Theorem 1.2 and therefore let us consider the generalized
Dhombres functional equation

(1.1) f(zf(2)) = o(f(2))
where the solutions f fulfill f(0) = 1. Equation (1.1) becomes equivalent to equation
(1.2), the transformed generalized Dhombres functional equation

(1.2) 9(z + 29(2)) = ¢(9(2))
where we inserted wo = 1. Next we have to do some transformation steps. For the
formal series g we substitute 7% and hence we get

T(z + 2T(2)")" = 3(T(2)").
Next we substitute 77!(z) for z and so
T(T™H(2) + T (2)2")" = (")

follows. From [5] it is known that ¢(z2) = w§z+da2%+. .. and therefore with wg = 1
the formal series ¢ is given as ¢(z) = z + ... and hence @(z*) = 2% + ... € C[2*].
Taking the k — th root in the equation above leads to

T(T™H(2) + T (2)2") = ¥ (2),
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where we know that ¥(z) = z + ... and from Lemma 2 in [5] that ¢(z) € 2C[2*].
We substitute U for T~! where U(z) = u1z+... and therefore we obtain the linear
functional equation
(2.1) (1+ MU (2) = U((2)).
We write U(z) = u1U%(2) = uq(2+...) and U%(z) = 2U*(2) where U*(2) = 1+....
Hence we get

U(%(2)) = wU°(4(2)) = m(2)U* (4 (2)) = urz¢* (2)U* (4(2)),
where ¥*(z) = 1+ ... € C[z¥]. With these transformations the linear functional
equation (2.1) becomes equivalent to

(1 + 2M)uy2U%(2) = ur 29" (2)U* (4(2)),

respectively

L4 28 ) — Ut (s
U = U W),

Taking the reciprocal of the series 1*(z) leads to
1+28  142%
Yr(z) 1+ Bk +

Hence we can introduce the formal logarithm and we write LnU*(z) =: Y (z) and

=1+az"+... € C["].

Ln 1+(ZZ) =: A(z). For a more detailed discussion we have to write ¢(z) = z+da2? +
. which leads to

G(2F) =2 do2®* . 4+ d 2+
=214 dyz" + .. 4+ d, 2" VF 4 ) e C[ZM].
From the transformations we know that 1(2)* = $(2*) where ¥(2) = z + ... and
with the binomial series we obtain

P(z) = 2(1+dae® +..)F = (1+%z +...) € 2C[z"],

where ¥*(z) =
V() =1+ 2

1+ %2k 4 € C[z*]. Hence we know that the reciprocal of
k4 ... is given by

) =1 %Z’wr... € C[=*].

So we get for the fraction i}f(zj) the expression
14+ Zk k d2 k dg k
=(1 1-——= L)=14+401--= . .
g = 1= F ) =1 (- e
Finally for A we obtain
1+ Z dg
A(z) =Ln ) =(1- ?)z +... € C["].

Therefore the formal series A is known and we are looking for a solution Y of the
functional equation
(2.2) A(z)+Y(2) =Y (¥(2)).

Let us suppose that ¢(z) = z. Then A(z) = 0 and hence Q})‘f(zzk) = 1 which is
equivalent to 1 4 z¥ = ¢*(2). From (z) = z*(2) follows that z = 2¢*(2) and
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this leads to 1+ z* = 1 and this is a contradiction. So we know that (z) # z and
hence because the first coefficient of 1(z) is 1 we know that the formal series ¥(2)
is not linearizable.

We have to discuss the functional equation (2.2) and therefore we start with two
lemmata where the first one deals with the homogenous equation associated with
(2.2) and the second one with the inhomogenous equation (2.2).

Lemma 2.1. Let Y and v be formal power series with Y (z) = f1z + B222 + ...
and ¥(z) = 1-z+ ... where ¥ is not linearizable. Then the functional equation

Y(z) =Y (¥(2))
has only the trivial solution.

Proof. We consider the equation Y (z) = Y (¢(z)) where we know that ¢ is no
linear function, that means v is not equal to z, and hence it is possible to embed
¥ in an iteration group (©;)iec of type II. Therefore we get Y (z) = Y (0,(2)) for
every t € C. This follows from Theorem 13 on page 10 in [3]. Taking the partial

derivatives 2 on both sides we obtain

ot
oy 00, (=)

0=gxlx=e.05;

For t = 0 the equation

oY
0=——H
H(),
where H(z) denotes the generator of the iteration group, follows. The generator of
a non trivial iteration group is always different from zero and hence Y (z) = const

which results in Y'(z) = 0. O

Therefore we know that the homogenous equation associated with (2.2) has only
the trivial solution. Next we want to consider the structure of the solution of the
inhomogenous equation.

Lemma 2.2. Let k € N and A be given such that A(y) = apy® + any®* +... €
C[y*]. Then necessarily a solution' Y of the functional equation

(2.3) Aly) +Y(y) =Y (M)

with M(y) =y + ... € yC[y*], where X is not linearizable, is an element of C[y*].

Proof. Let n be a root of unity primitive of order k. Substituting ny for y in (2.3)
leads to

A(ny) + Y(ny) =Y (A(ny))-
Then A(ny) is given by A(ny) = axn*y* + agxn**y?* + ... and hence A(ny) = A(y)
1.

because n¥* = 1 for every v > For the series )\ we obtain A(ny) = ny +
Aer1ny* 1t 4 ... and hence A(ny) = nA(y). Therefore (2.3) is equivalent to
)+

Aly) + Y (ny) = Y (nA(y))

and hence Y (ny) is a solution of (2.3). According to Lemma 2.1 it is known that a
solution of (2.3) is uniquely determinded and so Y (y) = Y (ny) and hence Y (y) €
Cly*"]- O

With this background we can prove Theorem 1.2.
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Proof of Theorem 1.2. We consider the functional equation

(2.2) A(z)+Y(2) =Y (¥(2)).
As a consequence of our considerations we can write
142 da 2% k k
Az) = =(1--= ... w2’ .eC
(2) n ) ( k 12" + oz + o a2+ .. € C[2Y]

where the coefficients «,, for ¥ > 2 are known, and according to Lemma 2.1 and
Lemma 2.2 the series Y has the representation

Y (2) = me2® +yar2?* + ... € C[2"]
as well as
P(z)=2(1+ %zk +...) € 2C[2"].
Substituting ¥(z) in Y (z) leads to
Y (4(2)) = mth(2)" +r2ntp(2)*"

d do
= (2 + l: A (e T )

do
= %z® + (kye— . +yar) 22 4L
Comparing the coefficients of z¥ in (2.2) leads to ax + v = 7% and hence aj, = 0.
The coefficient «y is given by a = 1— % and hence from 1— df =0 we get dy = k.

Therefore the formal series ¢ has the form
P2)=z+ k22 +....

Comparing the coefficients of 22* leads to

and hence v is uniquely determinded. Inductively we obtain

Yok = Pok(Qua1)ks Yo - - s Vw—1)k)

where P, v > 2 denotes a polynomial. Therefore the series Y is uniquely deter-
minded. In a next step we have to compute go. Reversing our calculations leads
to

U*(z) = exp(Y(2)) € C[2"],
as well as
U%z) = 2U*(z) e T =CPW ] nTy
and hence
U(z) =uU%z) e T = cW[] NT.
We also used 771 = U and so T~ € T®) and T € I'®). The formal series T has
the representation T'(z) = t12 + t 41251 + top 1221 + ... and hence we write

T(z) =t1z + tey1 2" Tt 22T L = =t1z(1+ Zt t1Z
v>1
where t, = tfltyk+1tf”k7 for v > 1. Then

T(2)F =721+ ) 6, (1)

v>1
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and with ¢, = t§ and t; = u] " we obtain
g(2) =T(2)* = 12" (1 + Z 8y (crz®)Y)
v>1
where the coefficients d,,, v > 1 are uniquely determinded. Then we can define
do(y) =y(1+Y_d,y") €Ty CCly],
v>1

and so we have g(z) = go(cx2"). Then, like in the proof of Proposition 2 in [5], the
transformation steps can be reversed and hence for every ¢, € C* the series g(2)
defined by g(z) = go(cxz") is a solution of the transformed generalized Dhombres
functional equation (1.2). For a given ¢, € C* the solution ¢ defined as g(z) =
Go(ck2") is unique. O

This method leads us to a new proof of Proposition 2 of [5]. Therefore we have

Remark 2.3 (An alternative proof of Proposition 1.4). If we consider the case where
wp is a complex number different from zero and also no root of unity, then it is
always possible to transform the generalized Dhombres functional equation

(1.1) f(zf(2) = ¢(f(2))
and hence also the transformed generalized Dhombres functional equation
(1.2) g9(woz + 29(2)) = ¢(g(2))

to the linear functional equation

(wo + 2°)U(2) = U(y(2))
where 1(z) = wpz + .... Then it is possible to use the same methods which we
used in this section to prove Theorem 1.2. Here we do not need a linearization
function which is always needed in the known proofs. We have to mention that if

wo € C*\ E we have to embed 1 in contrary to Lemma 2.1 in an iteration group
of type I which we want to show in Lemma 2.4. The rest works similar.

Lemma 2.4. Let Y and v be formal power series with Y (z) = B1z + Bo2z? + ...
and P(z) = woz + ... where wg € C*\ E. Then the functional equation

Y(z) =Y(¥(2))
has only the trivial solution.

Proof. By induction we obtain Y (z) = Y (¢"(2)) for every n € N. Then we embed
Y in an iteration group (¢¢)ec of type I given by 1:(2) = e*Mz 4+ o, Qu(e*)z”,
t € C where the Q,, v > 2 are polynomials and A\ = logwy. Then we get
Y(i(2)) = Y(2) = Y Ry(eM)z"
v>1

where R, (e*) is a polynomial in e*. For t € N we obtain 0 = Y (¢,(2)) — Y (2)
and hence we can also show

0=Y(u(2)) ~Y(2) =Y Ru(eM)z"

for all t € N: For every v > 0
R, (M) =0
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is valid, for all n € N. The complex number wy is no root of unity and hence A ¢ Q,
therefore the sequence (e*), ey has infinitely many values and so R, = 0 for all
v > 0. Finally for all ¢t € C we obtain

Y(#(2)) = Y(2) = Y Ry (eM)z" = 0.

v>1
Then again we have
0— oy | M(2)
T ax X=1(z) ot
Substituting ¢ = 0 leads to
oY
0=—H
0z (2)
where H(z) denotes the generator of the iteration group which is always different
from zero and hence Y (z) = 0. d

At the end we want to give an example which shows that there are also local
analytic solutions f of the generalized Dhombres functional equation where f(0) =
1.

Example 2.5. We consider the situation where £ = 1 and according to Theorem
1.2 we choose 1 as ¢(z) = z+22+23+. .. and this 9 is local analytic in a sufficiently
small neighbourhood of zero. Solving the linear functional equation

(2.1) (1+2)U(z) = U(¥(2))

for u; = 1 respectively for u; = —1 gives us, after reversing our calculations
f)=14+z+22+23 424+ ..

and
fl2)=1—z+22 23424+ ..

as non constant, local analytic solutions of the generalized Dhombres functional

equation (1.1) f(zf(2)) = ¢(f(2))-

REFERENCES

[1] H. Cartan, Elementare Theorie der Analytischen Funktionen einer oder mehrerer Komplexen
Verédnderlichen, B. I.-Hochschultaschenbiicher, Mannheim, 1966.

[2] J. Dhombres, Some Aspects of Functional Equations, Chulalongkorn University Press,
Bangkok, 1979.

[3] J. Haneczok, Conjugacy Type Problems in the Ring of Formal Power Series, Grazer Math.
Ber. 353, 2009.

[4] L. Reich, J. Smital, M. Stefankovd, Local Analytic Solutions of the Generalized Dhombres

Functional Equations I, Sitzungsber. osterr. Akad. Wiss. Wien, Math.-nat KI. Abt. II 214:

3-25, 2005.

L. Reich, J. Smital, M. Stefinkovd, Local Analytic Solutions of the Generalized Dhombres

Functional Equations II, J. Math. Anal. Appl. 355: 821-829, 2009.

L. Reich, J. Smital, On generalized Dhombres equations with nonconstant polynomial solutions

in the complex plane, Aequat. Math. 80: 201-208, 2010.

[7] B. Xu, W. Zhang, Analytic solutions of general nonlinear functional equations near resonance,
J. Math. Anal. Appl. 317: 620-633, 2006.

[8] B. Xu, W. Zhang, Small divisor problem for an analytic g-difference equation, J. Math. Anal.
Appl. 342: 694-703, 2008.

[5

6



SOLUTIONS WITH VALUE ONE AT ZERO 9

INSTITUTE FOR MATHEMATICS AND SCIENTIFIC COMPUTING,, KARL-FRANZENS-UNIVERSITAT
GRAZ,, HEINRICHSTRASSE 36, A-8010 GRAZ, AUSTRIA
E-mail address: joerg.tomaschek@uni-graz.at

INSTITUTE FOR MATHEMATICS AND SCIENTIFIC COMPUTING,, KARL-FRANZENS-UNIVERSITAT
GRAZ,, HEINRICHSTRASSE 36, A-8010 GRAZ, AUSTRIA
E-mail address: ludwig.reich@uni-graz.at



