ON A FUNCTIONAL-DIFFERENTIAL EQUATION OF
A. F. BEARDON AND FUNCTIONAL-DIFFERENTIAL
EQUATIONS OF BRIOT-BOUQUET TYPE
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ABSTRACT. We look for solutions of the functional-differential equation f(p(z)) =
a(z) f(z)f'(z) for given series ¢ and a. We show that all formal solutions f of
this equation are local analytic. In order to do this we transform the equation
to a special type of Briot-Bouquet differential equation.

1. INTRODUCTION AND MAIN THEOREMS

In [1] A. F. Beardon studied entire solutions f(z) with f(0) = 0, f # 0 of the
functional-differential equation

(1.1) flkz) =kf(2)f'(2)

when |k| > 1. To obtain such solutions, for appropriate values of k, first local
analytic solutions are constructed and then, by means of (1.1) these local analytic
solutions are holomorphically continued to entire ones.

Another method to find the local analytic solutions f of (1.1) with f(0) = 0,
f # 0 consists of transforming (1.1) equivalently to a Briot-Bouquet type functional-
differential equation which is similar to the classical Briot-Bouquet differential equa-
tion (see [3], [4] and [5]) with respect to the existence of formal solutions and to
the proof of their convergence using appropriate majorants and an implicit function
problem. This approach also works in case of equations

(1.2) f(p(2)) = al2)f(2)f'(2)
where ¢(2) = kz + p22% + ..., with |k] > 1, k is a Siegel number or |k| < 1,
and a(z) = ag + a1z + ..., with ag # 0. ¢ and a are supposed to converge in a

neighbourhood of 0. For the definition of a Siegel number we refer the reader to
[6], page 166. Nevertheless we want to mention that p = e?™ with 0 < a < 1 and
« irrational, is a Siegel number, if for a there exist € > 0 and p > 0 such that for
alln € Nand all m € Z
|[na —m| > en™*

holds.

Our procedure is as follows:
First we transform (1.2) as an application of Schréder’s equation to an equation of
the form

(1.3) h(kz) = b(z)h(2)l (2)
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with h(0) = 0, h # 0 and b(z) = ag + b1z + .... The next step is to transform
(1.3) by putting h(z) = pz + zg(z), g(0) = 0 to an equivalent Briot-Bouquet type
functional-differential equation

(1.4) z2g'(2) = g(kz) — 29(2) + Q1(g(2), 9(kz), 2) + Q2(2)

with power series Q1 (u, v, w) of order ord Q1 > 2, where Q)1 does not contain any
term cw”, ¢ # 0 forv € N, and ord Q2 > 1 and g(2) = >~ 7w2". Then we present
a complete description of the formal solutions of (1.4) and hence of (1.2). After
that the main task is to show that all formal solutions are convergent. Equations
of the form (1.4) show a great similarity to the classical Briot-Bouquet differential
equations. Even more general equations than (1.2) can be solved by these methods.

We call S, S(z) = z + ... the linearization function of ¢ if ¢(z) = S71(kS(2)).
It is well-known that S is convergent and uniquely determined, if |k| # 1 or if k is
a Siegel number (see [6]).

We prove the following two theorems. The first one describes the formal solutions
of equation (1.2).

Theorem 1.1 (Formal solutions). Let the functional-differential equation

(1.2) fle(2)) = a(2)f(2)f'()

be given, where ¢(z) = kz + doz® + ..., ¢ linearizable (as formal series which is
always possible if k is not a root of unity), and a(z) = ap + a1z + ... with ag # 0
are given and let S be the linearization function of ¢.
(1) If we assume that for all v € N the relation v + 2 — k¥ # 0 holds, then
(a) if a(z) — ag = 0, there exists a uniquely determined formal solution f
of (1.2). This f is given by f(z) = kao_lz,
(b) if a(z) — ap # 0, there exists a uniquely determined formal solution f
of (1.2). This f is given by f(z) = kay*S(2) + S(2)9(S(2)) where g
is a solution of (1.4).
(2) If there exists a vy € N such that vg + 2 — k" = 0, then there exists
a formal solution f of (1.2) if and only if a certain polynomial relation
between the coefficients of Q1 and Q2 and therefore between the coefficients
of a is fulfilled. Let this condition hold. Then for each arbitrary ,, there
exists exactly one solution g of (1.4), g(z) = iz + ...+ 72" +.... In
this case f is given by f(2) = kay*S(2) + S(2)g(S(2)).

It is obvious that the following remark holds.

Remark 1.2. If k is a Siegel number or |k| < 1 then there exists no vy € N such
that vy + 2 — k¥ =0.

After computing the formal solutions we want to prove the convergence.
Theorem 1.3. Let the functional-differential equation
(1.2) fle(2)) = a(2)f(2)f'(2)

be given, where p(2) = kz +daz? + ... with |k| > 1, k is a Siegel number or |k| < 1
and a(z) = ap + a1z + ... with ag # 0 are given local analytic functions. Then all
formal solutions f, f(z) = c1z + ca2® + ... with f(0) =0 are local analytic.

For a better understanding we give the following definition (see [2]).
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Definition 1.4. By C[z] = {F: F(z) = Bo+ 1z + B222 + .. } with 8, € C for
v > 0 we denote the ring of formal power series with usual addition, multiplication
and substitution. For a series F' € C[z], F # 0 the order of F is defined by

ord F':= min{v € N: 3, # 0}

and one sets oo for the order of the trivial series. By I'y we define the set I'y =
{F: F € C[z] and F(z) = z (mod 2?)}, which forms a group with respect to sub-
stitution.

The following remark will become important for our further transformations.

Remark 1.5. Let f be a formal solution of (1.2) with f(0) = 0, f # 0. Then
f(z) =pz+..., where p #£ 0.

Proof. We have f(0) = 0 and f # 0 and hence we assume that ord f = m € N.
Then ord f/ = m — 1. We obtain ord f(¢(z)) = m for the left hand side of (1.2).
The order of a is zero and so the order of the right hand side of (1.2) is 0+m-+m—1.
Comparing both sides leads to m = 1 and hence f(z) = pz + ... with p # 0. O

2. TRANSFORMATION TO A FUNCTIONAL-DIFFERENTIAL EQUATION OF
BRIOT-BOUQUET TYPE

Since |k| > 1, k is a Siegel number or |k| < 1, there exists a convergent series
S € T such that p(z) = S~1(kS(z)). So equation (1.2) becomes equivalent to

F(STHKS(2)) = a(2) f(2) [ ().
Substituting S~1(z) for z leads to
F(S7H(k2)) = a(STH(=) F(STHR))F (STH2)).
We have (f o S‘l)/ (2) = f'(S71(2))(S71)(2), and hence we obtain
(ko)) = a(S— (2 ~1(, (fOS_l)I(Z)
757 k) = als s ) 2
Define h by h = f o S~! results in
(1.3) h(kz) = b(2)h(2)h (2)
where b is given by b(z) = 7?(58_;;,((22))) =ag+... a9 # 0. We write h(z) = pz + zg(2)
with g(0) = 0. Then (1.3) becomes equivalent to
pkz +kzg(kz) = (b(2)pz + b(2)2g(2))(p + g(2) + 29'(2)),
where the right hand side is
pP2b(2) + pzb(2)g(2) + p*2b(2)g (2) + p2b(2)g(2) + 2b(2)g(2)* + 22b(2)g(2) g’ (2).
We obtain
pkz + kzg(kz)
=p%2b(2) + 202b(2)g(2) + 2b(2)g(2)* + g'(2)(p*b(2) + 27b(2)g(2)),

and hence we get k = pag or ag = kp’l.

p=kay ! In addition we obtain

29/ (2)(pb(2) + b(2)g(2)) = pk + kg(kz) — p*b(2) — 2pb(2)g(2) — b(2)g(2)*

Then p is uniquely determined by
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which is equaivalent to

29'(2)(1+p71g(2)) = kb(2) " + p~kb(2) " tg(k2) — p —29(2) — p~lg(2)".
The series b~! is given by b(z) "t = pk~! + ... and

(L+pg(2) " =1=p7lg(z) +p%9(2)* = p°9(2)> + ...,
and hence we get
(2.1)
2g/(2) = kb(2) ™! + p~ kb(2) THg(kz) — p = 29(2) — p™g(2)* — pTkb(2) M g(2)
— P kb(2) " g(2)g(kz) +g(2) + 207 g(2)” + p7g(2)’ +
The expansion of the term —p~1kb(z)~!g(z) yields
—p~'kb(z)'g(2) = —g(2) + 2R(9(2))

where R is a power series. Therefore we write

(1.4) 29'(2) = g(kz) — 29(2) + Q1(9(2), 9(kz2), 2) + Q2(2),

where @)1 does not contain any term cz”, ¢ # 0, v € N, ord Q1(g(z), g(kz),z) > 2,
since (1 collects all terms which are different from g(kz), —2¢(z) and c¢z”, ¢ # 0,
v € N. The series Qs is given as Qa(2) = kb(z)~! — p. It is easy to prove that
Q2 = 0if b(2)~! = ap and that ord Q, = ord (b(2)~! — ay).

3. FORMAL SOLUTIONS OF THE FUNCTIONAL-DIFFERENTIAL EQUATION OF
BRIOT-BOUQUET TYPE

In this section we prove Theorem 1.1. Before we do this we want to study when
for a given k € C the equation v 4+ 2 — k¥ = 0 holds for some v € N. The idea to
investigate the equation v+ 2 — k¥ = 0 for |k| is due to J. Schwaiger. Let k € C be
given and let vy € N such that vy +2— k* = 0 holds. Then |vg + 2| = |k|" follows
which is the same as vy + 2 = |k|”. Therefore it is enough to consider only values
k > 0 respectively £ > 1. Then the following lemma is true.

Lemma 3.1 (Oral communication J. Schwaiger). Let k > 1 and f(x) =k —z —2.
Then f has ezxactly one zero in [0, 00).

Proof. The first derivative of f is given by f/(z) = k* Ink — 1. Therefore we get as

an extremum the point z = — lnl(lllnkk) which is a minimum of f. On the other hand

for z < —% the function f is strictly decreasing, for x > —% the function

f is strictly increasing, furthermore f(0) < 0 and lim,_, o, f(z) = co. Therefore f
has exactly one zero. O

Next we prove Theorem 1.1.

Proof of Theorem 1.1. We now write
(3.1) 9z = S
v>1
and we collect the ‘linear’ terms g(kz) and 2g(z) on the left hand side of (1.4).
Hence we obtain the equivalent equation

(3.2) 29’ (2) +2¢9(2) — g(kz) = Q1(9(2), g(kz), 2) + Q2(2).
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@1 is a power series in u,w, z, say

_ 1)« )
Q1 (u,w,z) = E Qof50 w20,
8.8
atBrs>2
(a,8)#(0,0)

If we substitute g(z) for u, g(kz) for w and use (3.1) we obtain
_ 1
Qi(9(2),9(k2),2) =3 Po(n.-- ot kv, K s1i ) 2
v>2
where P, is a polynomial with non-negative coefficients in ~1,...,7,-1 and in
kyi,..., kY 1y,_1 and in certain qélgé, and such that

(3.3) P,(0,...,0,0...,0;¢' ;) = 0.
Furthermore we use the representation
Q2(z2) = Z @2
v>1

The left hand side of (3.2) is computed by

!/
/ v v—1 v
@)=z [ S| =2 [t | = [ S |
v>1 v>1 v>1

and

29(z) — glkz) =2 Z%z” - Z’yuk”z” = 2(2 — k") 2.

v>1 v>1 v>1
Therefore the left hand side of (3.2) is given by

29'(2) +29(2) — g(kz) = Y (v +2— k" )p2"

v>1
and so we get
Y w2k = g
v>1 v>1
(3.4) '~ R v—1 1)\, v
+ZPV(’>/17"'7FYV—1’I<:F)/17""k ’}/V—l;qaﬁts)z .
v>2

We distinguish two cases.

I) First we assume that v 4+ 2 — k¥ # 0 for every v € N. Note that if &k is a Siegel
number, then |k|” = 1 for all » € N and hence v + 2 — k¥ # 0 for every v € N.
Therefore if k is a Siegel number or if |k| < 1, then k belongs to this case.

It follows from (3.4) that in this situation exactly one formal solution exists. If all

q,SQ) = 0, that means b(z)~! = ag, then we get by induction v, = 0, v > 1. Hence
also g = 0 and after reversing our transformations f is given by

f(2) = kag'S(2).
Then for the left hand side of (1.2) we obtain
f(e(2)) = kag ' S((2)) = kag ' S(S71(kS(2))) = k*ag ' S(2),
and for the right hand side
aof(2)f'(2) = aokay*S(2)S'(2) = k?ag 1S(2)S'(2).
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Therefore S(z) = z and we obtain f(z) = kay 'z.
If not all ql(,Z) = 0, then there exists a smallest 7 > 1 such that q,(f) #0. As a

consequence of an earlier remark we have 7 = ord (b(2)™! —ag). Then v = ... =
Yo—1 = 0 while

I S ¢
N
because P (Y1, .-, Yo—1, k71, k' 1515 qg}ﬂ)&) = 0, since 7v1,...,7v5_1 are zero,

see formula (3.3). Inductively we compute v, v > ¥, and so we get a solution of
(1.4).

IT) Now we assume that there exists a vy € N such that vg+ 2 — k¥ = 0. Then by
Lemma 3.1 but also in [1] it is shown that v + 2 — £k = 0 can occur for at most
one v. It follows from (3.4) that the coefficients v, 1 < v < yy — 1 are recursively,
uniquely determined as

1 e
T = m(q(g2) + P, (v Vo1, k1, R 1%71; qg}g&))'
For v = vy we obtain from (3.4)
(3.5) 0=q%" + Poy(71s- - Yoot k71, K0 0 15 0505).

This relation can be written as a special relation between certain coefficients of
Q1 and @, and therefore as polynomial relation between the coefficients of b~!
and hence of a itself. The polynomial relation (3.5) is sufficient and necessary for
the existence of a formal solution g. If the polynomial relation (3.5) is satisfied
we can choose the coefficient v,, € C arbitrarily. Then again the coeflicients ~,
with v > vy are uniquely determined by (3.4). Finally if we consider the situation
when b(z)~! = a¢ and hence Q3(z) = 0, then it follows from (3.4) that y; = ... =
Yo—1 = 0. Therefore the solution ¢ is not zero if and only if v,, is choosen such
that ~,, # 0.

After computing the non-trivial formal solution g of (1.4) we can reverse our
calculations in both cases and so we get as a formal solution of (1.2)

(3.6) f(z) = pS(2) + 5(2)9(5(2))-

4. PROOF OF THE CONVERGENCE OF THE FORMAL SOLUTIONS

Next we have to show that the formal solutions in (3.6) are holomorphic. There-
fore it is sufficient to show that g is local analytic, then the solutions in (3.6) are
also local analytic (see [2], Chapter 1.2).

Proof of Theorem 1.3. Again we study the cases I) and II) from Section 3.
I) For every v € N we have v +2 — k¥ # 0. Let |k| > 1, then we get

v+ 2
kl/

v+
kY —— — k¥
ku

The expression |”kt — 1| converges to 1 for v — oo and hence there exists a C' > 0
such that

(4.1) lv+2—k"| > C k"

for v € N. For the convergence proof we use the method of majorants and therefore
we introduce the following problem, which is a majorant problem to equation (3.2).

42—k = — K"

1)
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Let Q1(u,v,w) be a convergent majorant of Q1, ord Q1 > 2, which has no terms
in w” for v € N, and let Q2(z) be a convergent majorant of Qo with ord Qo > 1.
Then the equation

(4.2) Co([k| 2) = Qa(2) + Q1(§(2), 4(|k| 2), 2)
for the series §(z) =412 + ... leads to a system of equations which is analogous to
(3.4), namely

YA q A 2 A v—1 A ~(1
C‘k| Y = q£2) —|—Py(’}/1, ey Yo—1, |k|’)/1, R |]€‘ ’YV—l;qéﬁ)(s%

for v > 1, with the corresponding coefficient qu(,2) of Qg (z) and with leﬁ) s of the series

Q1(9(2), §(|k| 2), z). The polynomials P, are the same as in (3.4). By induction we
see that

v > 0and |y, <Ay, v > 1.
We now consider a further majorant problem, namely

(4.3) CG(|k| 2) = Qa(2) + Qu(g(|K] 2), (K] 2), 2).

Hence we obtain the following system of equations for the coefficients %/l, of f]

v—12 ~(1)

CIR A = 4P + PoCias - Aot R A I 313 4505)-
Because |k| > 1 we obtain by induction
Yo 2 A v 2 L.
The problem (4.3) is an implicit function problem (see [4], p. 63) for § and hence

§ is analytic in z = 0. Therefore also g is a convergent power series.
Let k be a Siegel number, then |k| =1 or let |k| < 1. In both situations we get

lv+2—-k|>v+2—|k[">v+1

and hence there exists a C' > 0 such that |[v +2 — k| > C. For the Siegel number
k again we construct the majorant problem

(4.4) Cy(lk] 2) = Qa(2) + Qu(3(2), §(IK| ), 2)
for g(z) = 412 + ..., which, as above, leads to
CHy =42 + P31, Au—1: 31 - 13 45s);
for v > 1. Problem (4.4) is the same as the problem
(4.5) C§(2) = Q2(2) + Qu(9(2), (=), 2)
because |k| = 1, and hence we get a local analytic solution § of the implicit function

problem (4.5). Therefore also g is local analytic. If |k| < 1 then we consider the
majorant problem

(4.6) Ci(lk| 2) = Qa(2) + Qu(9(2), 4(Ik| 2), 2)
and because |k| < 1 we have the majorant problem
(4.7) Cy(2) = Q2(2) + Q(9(2), 4(2), 2),

and hence there exists a local analytic solution é and hence also g is local analytic.
IT) Let vg 42— k¥ = 0 for one vy € N. Similar to case I) there exists a C > 0 such
that

(4.8) V42— k' > C k|
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holds for all v # vy. For §(z) = 912 + ... we construct the majorant problem

(4.9) C4(|k| 2) = Dz" + Q2(2) + Q1(9(2), §([k| 2), 2)
where D > 0 is chosen appropriately, that means D has to be choosen sufficiently
large. For v =1,...y9 — 1 we obtain

Yol < -
For v = 1y we have
[0 N . . R vl N
¢ |k| Yvo = D+ CI,(,2) + Py(’}/l, ey Yo—1, |]€‘ Yige ooy |k| ! Yv—1; q((x[;tS)
Then D > 0 has to be large enough such that
|’YV0| S /71/0

holds, where v, is the freely selectable coefficient of z"° in g. In the next step we
consider

(4.10) Cy(Ik| 2) = Dz + Q2(2) + Qu(3(|k| 2), 4|k 2), 2),

which is a majorant problem of (4.9). Again we can determine the function é by
the implicit function theorem and hence ﬁ is analytic in z = 0. Then it follows that
g is a local analytic function.

So it results from our two cases that all formal solutions f of equation (1.2) are
local analytic. ([

5. ALTERNATIVE TRANSFORMATIONS

In this section we want to discuss two different transformations of the functional-
differential equation f(¢(z)) = a(z)f(2)f'(2) to a functional-differential equation
of Briot-Bouquet type.

5.1. Transformation 1. We can start our considerations with
(1.3) h(kz) = b(z)h(2)1 (2)
where b is given by b(z) = ?55:7;’((2))) =ag+..., ap #0. We write h(z) = pzed®).
Then we have
W (2) = ped®) + pzed g/ (2),

and so (1.3) becomes equivalent to

phze?2) = b(2)pze9) (peI*) 4 pzes)g/(2)),
which is the same as
(5.1) ked®2) = p(2)pe?9) (1 + zg'(2)).
From (5.1) we obtain

p kb(z) Tl B2 — 1 4 24/ (2),
and hence we get kag'p~' = 1 or p = kay'. By substituting g(kz) — 2g(2) with
ord (g(kz) —2g(z)) > 0 into the exponential series we obtain
(1+p tkarz +..)(1 +g(kz) —2g(2) +...) = 1+ z¢'(2),

which is equaivalent to

1+g(kz) —2g9(2)+ ... =14 z¢'(2).
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Therefore we write
(5.2) zg'(2) = g(k2) — 29(2) + Fi(9(2), g(k2), 2) + Fa(2),

where again F; does not contain a term Az™, A # 0, m € N, and also again for F}
we have ord Fy(g(z),g(kz),2) > 2. The series F, is given by Fy(z) = kb(z)~1 — p.
Equation (5.2) is again a functional-differential equation of Briot-Bouquet type.
After computing the solutions g of (5.2) we can reverse our transformations and so
the solutions f of

(1.2) flp(2)) = a(2)f(2) f'(2)
are given by
f(2) = kag 'S (2)ed 5=,
5.2. Transformation 2. For this second transformation we also start with the
equation
(1.3) h(kz) = b(z)h(z)h'(2)

where b is given by b(z) = %ﬁ%;f(’z))) =ag+ ..., ap # 0. Then we observe that

(h(z)z)/ = 2h(z)h(z)’ and so (1.3) becomes equivalent to

h(kz) = @ (h(2)?)".

Now we write h(z) = pz(1 + g(z)) where g(0) = 0 and therefore we have
h(2)? = p*2*(1+g(2))* = p*2*(1 + §(2))

where §(0) = 0. Hence, by the binomial series we get conversely

h(z) = p2(1+ ()%
Then (1.3) is equivalent to

pk=(1+ (k) = 2 (202004 52)) + %220/ (2)
or to
b(z)

KL+ g(k=))* = =2 (20(1+§(2)) + p=3'(2))

after we cancel p and z. This is the same as

2b(2) k(1 + §(k2))? = 2p(1+ §(2)) + p2d (2),
and so we obtain
(5.3) 2§ (2) = p~12b(2) " Tk(1 4 §(k2))? — 2 — 2(z).

If we compare the absolute terms in (5.3) we get 0 = p~'2kay’ — 2 and hence
0=2(p"'kay' —1). Again we obtain

p=kay'.
By using the binomial series we get

(1+ §(kz))? = i <}/)§(kz)” =1+ %g(kz) + @)g(kz)? +....

v=0
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Hence equation (5.3) can be computed as follows
_ _ _ 1. .
23 (2) = 2p Yk(ag  + b1z +...) (1 + §g(kz) +.. ) —2-24(z)

=(2+2b1p tkz+...) (1 + %g(kzz) + .. > —2-2§(2)

=24 201p tkz 4.+ Gkz) +Fbip tkzg(kz) + ... — 2 —25(2).

In this equation 2 cancels and so again we obtain a functional-differential equation
of Briot-Bouquet type, namely

(5.4) 2§ (2) = —29(2) + g(kz) + G1(3(2), §(kz), 2) + Ga(2),

where (G1 does not contain any absolute term and ord G; > 2, ord Gy > 1. After
solving equation (5.4) we reverse our transfomations and we get

f(2) = kag*S(2)(1 + §(S(2)))?

as solutions of the functional differential equation
(1.2) flo(2)) = al2) f(2) ' (2).
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